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Taking all the magnon modes into account, we derive the skyrmion dynamics in response to a weak external
drive. A skyrmion has rotational symmetry and the magnon modes can be characterized by an angular momen-
tum. For a weak distortion of a skyrmion, only the magnon modes with an angular momentum |m| = 1 govern
the dynamics of skyrmion topological center. The skyrmion inertia is determined by the magnon modes in the
continuum spectrum. For a skyrmion driven by a magnetic field gradient or by a spin transfer torque generated
by a current, the dynamical response is practically instantaneous. This justifies the rigid skyrmion approxima-
tion used in Thiele’s collective coordinate approach. For a skyrmion driven by a spin Hall torque, the torque
couples to the skyrmion motion through the magnons in the continuum and damping, therefore the skyrmion
dynamics shows sizable inertia in this case. The trajectory of a skyrmion is an ellipse for an ac drive of spin
Hall torque.
PACS numbers: 75.10.Hk, 72.25.-b, 72.80.-r
I. INTRODUCTION
A magnetic skyrmion in magnets is swirling spin texture
that behaves as a particle with a long lifetime [1–3] due to
the topological protection. They were observed experimen-
tally recently in chiral magnets where the inversion symme-
try is broken. [4, 5] For their unique topological properties
and long lifetime, skyrmions have attracted considerable in-
terests as possible information carriers. Skyrmions can be
driven by various external fields, such as electric current [6–
8], magnetic/electric field gradient [9, 10], thermal gradient
[11–13] and magnon current [14] etc. The ability to manip-
ulate skyrmions by an electric current is especially attractive
because this implies immediately that skyrmions can be used
in spintronic devices. [15, 16] Moreover the threshold current
to make skyrmions mobile is weak, thanks to the smooth spin
texture associated with the skyrmion.
For applications, it is crucial to understand the dynamics
of skyrmion in response to an external drive. The equation
of motion of a rigid skyrmion in two dimensions (in the x-y
plane) has been obtained by Thiele long time ago. [17] It has
the following form
GT × v + DTv = FT , (1)
where v is the skyrmion velocity. The first term describes
gyromotion with the gyrovector GT perpendicular to the x-y
plane, and the second term is the damping. Here DT  GT
and the skyrmion moves almost perpendicular to the external
force FT . In the Thiele’s collective coordinate approach, the
skyrmion texture S(r) is assumed to be rigid and it moves as
a whole, S[r − R(t)], with R(t) representing the translational
motion of a skyrmion. It has been demonstrated in numerical
simulations that the Thiele’s equation of motion correctly cap-
tures the skyrmion dynamics driven by a spin transfer torque
induced by a dc current. [18–20] Nevertheless, it is unknown
to date how to justify the rigid skyrmion approximation.
A skyrmion is a collective excitation of spin texture and
thus has internal degrees of freedom. [14, 21] In the presence
of an external drive, the skyrmion can be deformed when the
magnon modes are excited by the external drive. In the con-
tinuum approximation where the system preserves the trans-
lational symmetry, there is a Goldstone mode in the character-
istic deformations of the skyrmion corresponding to the trans-
lational motion of a skyrmion. [22–24] The Thiele’s equa-
tion of motion includes only the Goldstone mode. In prin-
ciple, the deformations associated with other magnon modes
can also be involved in the motion of a skyrmion. To go be-
yond the Thiele’s approach, one needs to take all the magnon
excitations into account. One can introduce corrections to
the Thiele’s equation of motion, such as mass and gyrodamp-
ing, and then fit the generalized Thiele’s equation of motion
to the skyrmion trajectory obtained from direct simulation of
the spin dynamics based on the Landau-Lifshitz-Gilbert equa-
tion. In this way the parameters in the Thiele equation of mo-
tion can be extracted. [25–27] Similar to the original Thiele’s
equation of motion, the generalized Thiele’s equation in prior
is not justified. A theory to describe the skyrmion dynamics
by treating all the magnon modes on an equal footing thus is
required.
In this work, we present a linear theory for the skyrmion dy-
namics by taking all the magnon modes into account. Specifi-
cally, we consider a small oscillation of a skyrmion subjected
to a weak oscillating magnetic field gradient, spin transfer
torque and spin Hall torque. To do that, we first define the
skyrmion center as its topological charge center. We then
express the dynamics of the skyrmion center in terms of the
magnon modes. We find that only the magnon modes with an
angular momentum |m| = 1 are responsible for the dynamics
of skyrmion center. The retardation or inertia of skyrmions is
due to the magnon modes in the continuum. For a skyrmion
driven by a field gradient or spin transfer torque, the inertia is
negligible, which justifies the Thiele’s rigid skyrmion approx-
imation. For a spin Hall torque, the motion of skyrmions is
originated from the coupling between the magnon continuum
and current. The inertia is significant in this case. The inertia
can be quantified by measuring the phase shift between the
skyrmion velocity and the driving field.
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2II. MODEL AND BLOCH SKYRMION SOLUTION
We consider the following Hamiltonian density for spins
S(r) in two dimensional space [3]
H = Jex
2
∑
µ=x,y
(
∂µS
)2
+ DS · ∇ × S − B · S, (2)
which successfully captures many experimental observations
in chiral magnets. Here S is a unit vector representing
the spin direction, Jex is the exchange interaction, D is the
Dzyaloshinskii-Moriya (DM) interaction [28–30] and B = Bzˆ
with a unit vector zˆ is the external magnetic field perpendicular
to the plane. We have neglected the weak dipolar interaction.
The skyrmion size is much bigger than the spin lattice con-
stant, and this justifies the continuum approximation in Eq.
(2). We renormalize the length in unit of Jex/D and energy
density and B in unit of D2/Jex. Then Eq. (2) takes a dimen-
sionless form. We will use dimensionless quantities in the
following derivations. The Hamiltonian Eq. (2) supports the
Bloch skyrmion solution. The results for the Ne´el skyrmions
will be discussed in Sec. VI.
We focus on a single skyrmion in the ferromagnetic back-
ground, which is a metastable state for B > 0.55. [14, 21, 31]
Because of the rotational symmetry, it is more convenient to
work in the polar coordinate r = (r, φ). The skyrmion solu-
tion is S0 = (cosϕ sin θ, sinϕ sin θ, cos θ) with ϕ = φ + pi/2
and θ(r) being a function of r only. The stationary skyrmion
solution is obtained by minimizing H with respect to θ, and
we have equation for θ(r)
cos (2θ) +
1
2r
sin(2θ) + Br sin θ − (∂rθ + 1) − r∂2rθ = 0. (3)
We solve Eq. (3) using the relaxation method to find θ(r).
The skyrmion structure and the results for θ(r) and ∂rθ(r) at
B = 0.8 are displayed in Fig. 1.
III. EIGENMODES ANALYSIS
We calculate the eigenmodes of a skyrmion in the ferro-
magnetic background, following the approach in Ref. 14. We
introduce a local coordinate system with the local z axis along
the spin direction S. The spin representation in the lab coordi-
nate and the local coordinate are related by the following sub-
sequent rotation operations in the lab frame: rotation along
the z axis by φ0, rotation along the y axis by θ and rotation
along the z axis by ϕ. We choose φ0 = pi/2. Then the spin in
the local coordinate L = (LX , LY , LZ) is related to that in the
lab frame S according to S = OˆL, where [21]
Oˆ =
 −sinϕ −cosϕcosθ cosϕsinθcosϕ −sinϕcosθ sinϕsinθ
0 sinθ cosθ
 . (4)
In the stationary state L¯X = L¯Y = 0 and L¯Z = 1. We consider
small deviations L from the stationary state and introduce the
magnon fields
ψ =
LX + iLY√
2
, ψ∗ =
LX − iLY√
2
, (5)
and LZ = 1 − ψψ∗ with |ψ|  1. Expanding the Hamiltonian
to the second order in ψ, we obtain
Hψ = 12 ψˆ
†Hψψˆ, (6)
Hψ = (−∇2 + V0)I0 − 2σz
(
cos θ
r2
− sin θ
r
)
i∂φ + V1σx, (7)
with σi (i = x, y, z) being the Pauli matrices and I0 the unit
matrix. Here
ψˆ† = (ψ∗, ψ), (8)
V0 =
1 + 3 cos (2θ)
4r2
− 3 sin (2θ)
2r
+Bz cos θ−∂rθ− 12(∂rθ)
2, (9)
V1 =
sin2θ
2r2
+
sin (2θ)
2r
− ∂rθ − 12(∂rθ)
2. (10)
Equations (6)-(10) were first derived in Ref. 14. Note that
with the definition of magnon wave function in Eq. (5), there
is a minus sign in front of σz in Eq. (7) which is different from
the results in Ref. 14. The eigenmodes are determined by the
equation
− iσz∂tψˆ = Hψψˆ. (11)
This equation for magnons has the form of the Schro¨dinger
equation in the presence of a centrosymmetric potential.
We can introduce an angular momentum m with ψ =
0 2 4 6 8 10
-1
0
1
2
3
∂rθ(r)
r
θ(r)
B=0.8
FIG. 1. (color online) Profiles of θ(r) and ∂rθ(r) for a skyrmion in the
ferromagnetic background. Inset is a schematic view of a skyrmion.
Here B = 0.8.
3ψm(r, t) exp(imφ) to classify the eigenmodes. The two com-
ponents in ψˆ are related by complex conjugation because the
magnetic moment S is real. This indicates that the matrix
equation in Eq. (11) is reductant. Indeed Hψ has particle-
hole symmetry,Hψ = σxKHψKσx with K being the complex
conjugate operator. This means that if exp[i(ωt+mφ)]ηˆm, with
ηˆ†m ≡ (η∗1, η∗2), solves Eq. (11), then exp[−i(ωt + mφ)]σxKηˆm
also solves Eq. (11). Then ψˆ can be obtained by linear super-
position of the two symmetry-related solutions
ψˆm = b exp[i(ωt+mφ)]ηˆm+b∗ exp[−i(ωt+mφ)]σxKηˆm. (12)
For ψˆm in Eq. (12), its two components are complex conjugate
to each other. Here ηˆ is determined by the eigenvalue problem
ωmσzηˆm = Hψηˆm. (13)
To solve Eq. (13), we use the Bessel functions Jm(kr) as ba-
sis to represent the matrix Hψ as detailed in the Appendix A.
From ηˆm, we know Lm from Eq. (5). Then we obtain the
eigenmodes S˜m in the lab frame through rotation, S˜m = OˆLm.
In the high energy limit ω  ωg, with ωg = B being
the magnon gap, we can use magnon momentum k to la-
bel the magnon mode. The eigenfrequency in this limit is
ωm(k) = k2 + ωg and the eigenmodes are ηˆ
†
m = (1, 0)Jm(kr).
When ω is comparable to ωg, the momentum k is not a good
quantum number because the presence of the skyrmion breaks
the translational invariance for magnons.
In the continuum limit adopted in Eq. (2), valid when the
skyrmion size is much bigger than the spin lattice constant, the
mode corresponding to the translational motion of a skyrmion
is a Goldstone mode. It has |m| = 1 and the magnon mode in
the lab frame is
S˜|m|=1, j=1 =
im∂xS0 − ∂yS0
√
2
√∫
dr2(∂xS0)2
. (14)
The imaginary and real part of S˜|m|=1 correspond to the trans-
lation motion along the x and y direction respectively.
IV. LINEAR RESPONSE TO EXTERNAL DRIVE
We proceed to calculate the response of skyrmion to exter-
nal drive in terms of the eigenmodes. We consider the Landau-
Lifshitz-Gilbert equation of motion for S
∂tS = −S ×Heff + αS × ∂tS + Γ, (15)
where α is the Gilbert damping, Heff ≡ −δH/δS is the effec-
tive magnetic field and Γ is the torque due to external fields.
Here the time is in unit of Jex/(γD2) with γ the gyromagnetic
ratio. We study the linear response of a skyrmion to a weak
torque, |Γ|  1. We will work in the lab frame here. We
consider a small oscillation of the skyrmion center around the
equilibrium position. The linear response S = S0 + S˜ is gov-
erned by
∂tS˜(t) = HˆS S˜ + αS0 × ∂tS˜ + Γ. (16)
Here HˆS and S˜ are connected to Hψ and ψˆ through rotation,
Eq. (4). Expanding S˜ in terms of the eigenmodes, we have
S˜(t) = Re
exp(iωt) ∑
m, j
am, jS˜m, j
 . (17)
The index j labels the modes at a given m. Substituting Eq.
(17) into Eq. (16) and projecting into the S˜m, j mode, we obtain
am, j(ω − ωm, j) + iω
∑
j′
αm, j, j′am, j′ = Fm, j, (18)
where Fm, j represents the coupling between the external
torque and the eigenmodes
Fm, j(ω) = −i
∫
dr2S˜†m, j · Γ, (19)
and αm, j, j′ is the damping coefficient for different modes
αm, j, j′ = iα
∫
dr2S˜†m, j ·
(
S0 × S˜m, j′
)
= i2piα
∫
drr[L∗Y;m, j(r)LX;m, j′ (r) − L∗X;m, j(r)LY;m, j′ (r)]. (20)
As shown in the Appendix B, the diagonal elements |αm, j, j|
are much larger than the off-diagonal elements |αm, j, j′ |. For
α  1, we can neglect the off-diagonal elements of αm, j, j′
and take αm, j, j′ = αm, jδ j, j′ , with δ j, j′ being the Kronecker delta
function. For ωm, j  ωg, we have αm, j = 1. We then obtain
am in the frequency domain
am, j(ω) =
Fm, j
ω − ωm, j + iαm, jω. (21)
To obtain the equation of motion for a skyrmion as a parti-
cle, we need to define its center. We use the definition based
on its topological charge density
R(t) =
∫
dr2rS ·
(
∂xS × ∂yS
)
∫
dr2S ·
(
∂xS × ∂yS
) = ∫ dr2rS · (∂xS × ∂yS)
4piNs
, (22)
where Ns = −1 is the skyrmion topological charge for the
skyrmion shown in Fig. 1, which is invariant with respect to
small perturbations.
Taking the time derivative of R(t) and expanding in terms
of the eigenmodes, we obtain
R(ω) =
∑
m, j
am, j(ω)Wm, j(ω), (23)
with
Wm, j =
1
4piNs
∫
dr2r
[
S˜m,k ·
(
∂xS 0 × ∂yS 0
)
+S 0 ·
(
∂xS˜m,k × ∂yS 0
)
+ S 0 ·
(
∂xS 0 × ∂yS˜m,k
)]
= ζm, j(xˆ + imyˆ)δ|m|,1,
(24)
4and
ζm, j =
1
4Ns
∫
drr
[
imLX;m, j∂rθ − ∂r
(
LY;m, j sin θ
)]
δ|m|,1. (25)
One important observation is that only the modes with |m| = 1
couple to the skyrmion center motion. The lowest mode with
|m| = 1 is the Goldstone mode corresponding to the transla-
tional motion of a rigid skyrmion. Other modes with |m| = 1
lie in the magnon continuum. For a rigid skyrmion, the re-
sponse to external drive is instantaneous, i.e. the inertia of a
skyrmion is absent. Therefore the inertia of skyrmion is con-
tributed from the excitation of the magnon continuum. Note
that the linear analysis in Eq. (16) is valid when R(ω) is
smaller than the skyrmion size.
An alternative definition of the skyrmion center that is more
relevant to experiments is based on the out-of-plane compo-
nent of the spin
R′ =
∫
dr2r (S z − 1)∫
dr2 (S z − 1)
. (26)
The equation of motion for R′ to the linear order in perturba-
tion has the same expressions as those in Eqs. (23) and (24),
except for ζm, j,
ζm, j =
pi∫
dr2(S 0,z − 1)
∫
drr2LY;m, j sin θδ|m|,1. (27)
In the present work, we use the skyrmion center defined in Eq.
(22).
The external torque Γ is proportional to some control pa-
rameters P, such as electric current density or magnetic field
gradient. The response of velocity v = iωR(ω) to P can be
expressed in a matrix form(
vx
vy
)
=
(
χ11 χ12
χ21 χ22
) (
Px
Py
)
. (28)
The response is isotropic under the spatial rotation of P and
v, which requires χ22 = χ11 and χ12 = −χ21. Here χi j can
be complex and the skyrmion trajectory is generally an el-
lipse. The skyrmion inertia manifests itself in the phase shift
between the drive P(ω) and velocity v(ω). We can define a
longitudinal phase shift Θ‖ and transverse phase shift Θ⊥,
tan Θ‖ ≡ Im[χ11]Re[χ11] , tan Θ⊥ ≡
Im[χ21]
Re[χ21]
. (29)
To cast Eq. (28) into the standard Thiele’s form, we can in-
troduce a generalized force f from P, and rewrite Eq. (28)
into ( D + iωm G − iωA
−G + iωA D + iωm
) (
vx
vy
)
=
(
fx
fy
)
. (30)
Here D ∝ α is the damping, m is the mass, G is the gyrocou-
pling and A ∝ α is the gyrodamping. All those quantities are
frequency dependent. The quantities at the left-hand side of
Eq. (30) depend on the definition of the generalized force f at
J 
Heavy metal 
Chiral magnet 
B 
x 
z 
Chiral magnet J B B Chiral magnet 
(b) Spin transfer torque (a) Magnetic field gradient 
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FIG. 2. (color online) Schematic view of a skyrmion in chiral mag-
nets subjected to different drives: (a) a linear magnetic field gradient,
(b) spin transfer torque and (c) spin Hall torque. The crosses in (c)
represent the spin accumulation and spin current normal to the inter-
face due to the spin Hall effect.
the right-hand side. In our discussions, we will focus on Eq.
(28) since it captures fully the dynamics of a skyrmion.
In the limit of ω = 0, only the Goldstone modes with
|m| = 1 and j = 1 contribute to the summation in Eq.
(23). In this limit, the rigid skyrmion approximation em-
ployed in the Thiele’s collective coordinate approach becomes
exact. From the Goldstone modes in Eq. (14), we obtain
α|m|=1, j=1 = −mα/κ and W|m=1|, j=1 = −(mixˆ − yˆ)/
√
8piκ, where
the skyrmion form factor κ is
κ =
∫
dr2(∂µS 0)2/(4pi), (31)
with µ = x, y. Here κ is of the order of unity, κ ∼ 1. The
equation of motion becomes
v(ω) =
∑
m=±1, j=1
iFm, j(−mixˆ + yˆ)√
8piκ(1 − imα/κ) . (32)
V. APPLICATIONS
In the following, we calculate the response matrix χi j for
a skyrmion driven by a magnetic field gradient, spin transfer
torque and spin Hall torque separately.
A. Magnetic field gradient
We first consider the skyrmion motion driven by a magnetic
field gradient as shown in Fig. 2 (a). This has been studied by
numerical simulations recently [32, 33]. We assume that the
field is along the z axis and the gradient is along the x direc-
tion. The total magnetic field is BT = Bzˆ + ∆(x)B r cos φzˆ. The
magnetic field in the first term stabilizes a stationary skyrmion
structure and that in the second term drives the skyrmion into
motion. The unit of the field gradient is D3/(J2exMs) with Ms
the saturation field. The torque is then given by
Γ = −S0 ×
(
∆
(x)
B r cos φzˆ
)
. (33)
The coupling coefficient Fm, j is
Fm, j = −i∆(x)B piδ|m|,1
∫
drr2LX;m, j sin θ. (34)
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FIG. 3. (color online) Real and imaginary part of χ11 and χ21 in the
case of a skyrmion driven by a magnetic field gradient. Here B = 0.8
and α = 0.2.
Here Fm, j is nonzero only for |m| = 1. In the rigid skyrmion
approximation or ω→ 0, we have
F|m|=1, j=1 =
ipi∆(x)B√
8piκ
∫
drr(sin θ)2. (35)
The equation of motion is
v(ω) = −∆
(x)
B (αxˆ + κyˆ)
4
(
α2 + κ2
) ∫ drr(sin θ)2. (36)
For α  1, the skyrmion moves almost perpendicular to the
magnetic field gradient. There is additional velocity compo-
nent antiparallel to the field gradient due to the damping.
The external drive in Eq. (28) is the field gradient Pµ = ∆
(µ)
B .
To include all the magnon modes, we calculate numerically
the response matrix χi j and the results are shown in Fig. 3. At
ω = 0, χi j is real and the Thiele’s equation of motion in Eq.
(36) is recovered. We can see that Im[χi j] is much smaller than
Re[χi j], because χi j is mainly contributed from the Goldstone
modes. The phase shift near the magnon gap is Θ‖ ∼ 10−3
and Θ⊥ ∼ 10−4. The response is almost instantaneous and
the inertia is weak. As shown in Fig. 6, the magnon modes
associated with the Goldstone modes with |m| = 1, j = 1
are localized in the skyrmion, while the extended modes with
j > 1 only have small weight around the skyrmion. Therefore
|F|m|=1, j=1|  |F|m|=1, j>1| and |W|m|=1, j=1|  |W|m|=1, j>1|.
B. Spin transfer torque
Here we study the skyrmion motion driven by a spin trans-
fer torque as shown in Fig. 2 (b). We inject an electric current
into to a chiral magnet. The electric current is polarized auto-
matically by the skyrmion spin texture because of the Hund’s
coupling, which results in a spin current. For a nonuniform
spin texture, the polarization of spin current changes in space.
To conserve magnetic moment, there is transfer of magnetic
moment between the spin current and localized spin texture,
which generates a torque acting on the localized moments.
The spin transfer torque can be expressed as [34, 35]
Γ =
[
∂xS0 − βS0 × (∂xS0)] Jx. (37)
The current has unit of 2eD/(~Ps) and is assumed to be along
the x direction, J = Jx xˆ. The dimensionless parameter Ps is
the spin polarization factor. In the first approximation, the di-
rection of spin current polarization is always parallel to the
local magnetization vector. This contribution, called adiabatic
spin transfer torque, is described by the first term at the right-
hand side. The second term proportional to β  1 describes
the nonadiabatic and dissipative spin transfer torque, origi-
nating from the spatial mistracking of polarization of spin
current and localized magnetization. [36] We then compute
Fm, j = −iJx(τSTTm, j + βτNm, j), with
τSTTm, j = −pi
∫
dr
[
−imL∗X;m, j sin(θ) + rL∗Y;m, j∂rθ
]
δ|m|,1δ j,1,
(38)
τNm, j = −pi
∫
dr
[
imL∗Y;m, j sin(θ) + rL
∗
X;m, j∂rθ
]
δ|m|,1. (39)
The coupling coefficient Fm, j vanishes for |m| , 1. Further-
more, for the adiabatic spin transfer torque, τSTTm, j , the current
couples with the translational mode ∂xS0. Therefore τSTTm, j is
nonzero only for the translational mode with j = 1. The iner-
tia of a skyrmion arises from the contribution of the nonadia-
batic spin transfer torque, τNm, j, and damping.
For a rigid skyrmion valid when ω→ 0, we have
F|m=1|, j=1 = Jx
−m√2piκ + i√2piκ β
 , (40)
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FIG. 4. (color online) Real and imaginary part of χ11 and χ21 in the
case of a skyrmion driven by a spin transfer torque. Here B = 0.8,
α = 0.1 and β = 0.2.
6The equation of motion becomes
v(ω) =
[
−κ
2 + αβ
α2 + κ2
xˆ +
(α − β)κ
α2 + κ2
yˆ
]
Jx(ω), (41)
which reproduces the well known Thiele’s equation of motion,
Eq. (1). It also describes the full equation of motion when
β = 0 because the adiabatic spin transfer only couples with
the translational mode. In real materials, α  1 and β  1,
the skyrmion moves almost antiparallel to current, but there
is a transverse motion due to the damping. We can define a
Hall angle for the skyrmion motion tan θH ≡ |vy|/|vx| = |α −
β|κ/(κ2 + αβ). For α = β, Eq. (15) is Galilean invariant for a
rigid skyrmion and the skyrmion moves exactly antiparallel to
the current.
For β > 0 and to deal with the skyrmion distortion, we
compute numerically χ11 and χ21 at B = 0.8 by taking the
modes with j > 1 into account, and the results are displayed
in Fig. 4. Here P in Eq. (28) is P = J. We have Re[χ11] ≈
−(κ2 + αβ)/(α2 + κ2), Re[χ21] ≈ (α − β)κ/(α2 + κ2). The
phase shift near the magnon gap is Θ‖ ∼ 10−9 and Θ⊥ ∼ 10−7.
The contributions from other modes are negligible and the dy-
namics of a skyrmion is described by the Thiele’s equation Eq.
(41). Therefore the response of a skyrmion to a spin transfer
torque is instantaneous and the inertia of a skyrmion is neg-
ligible, compared to the viscous and the Magnus force. This
justified the rigid skyrmion approximation used in Thiele’s ap-
proach in this case.
C. Spin Hall torque
We consider a bilayer system with a chiral magnet atop of a
heavy metal, such as Ta and Pd, as depicted in Fig. 2 (c). We
then apply a current in the heavy metal. Because of the spin
Hall effect, there is spin current normal to the interface, which
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FIG. 5. (color online) Real and imaginary part of χ11 and χ21 in the
case of a skyrmion driven by a spin Hall torque. Here B = 0.8 and
α = 0.2.
generates a torque in the chiral magnet. This is called the spin
Hall torque and is given by [37–40]
Γ = S0 × (S0 × (zˆ × J)) . (42)
The current is in unit of 2D2ed/(Jex~θSH) with θSH being the
spin Hall angle and d the film thickness. For a current along
the x direction, J = Jx xˆ, the coupling coefficient Fm, j becomes
Fm, j = −ipiJxδ|m|,1
∫
drr(L∗Y;m, j cos θ − imL∗X;m, j). (43)
In the rigid skyrmion approximation or ω→ 0,
F|m|=1, j=1 = −i
∫
dr2
 −im∂xS0 − ∂yS0√2 √∫ dr2(∂xS0)2
 · Γ. (44)
We obtain F|m|=1, j=1 = 0 because the skyrmion has rotational
symmetry. Therefore the rigid skyrmion does not couple to
the spin Hall torque when the damping is neglected. The
torque couples to the skyrmion motion through excitation of
the magnon modes in the continuum and the weak off diago-
nal damping term in Eq. (20). Therefore the spin Hall torque
is less efficient in driving the skyrmion compared to that of
spin transfer torque. Here we provide an estimate on the cur-
rent density required in order to achieve the same velocity for
the cases with spin transfer torque and spin Hall torque. For
the spin transfer torque, the velocity is almost frequency inde-
pendent for a given current; while for the spin Hall torque, the
velocity is maximal at a given current when the frequency is
near the magnon gap. Taking the optimal velocity for the spin
Hall torque, to attain the same velocity, the required current
density for both torques is about JSHEθSHJex/JSTTdDPs ∼ 103,
where JSHE (JSTT) is the current density in the case of spin Hall
(transfer) torque. Therefore JSHE is larger than JSTT by sev-
eral orders of magnitude for materials with θSHJex/dDPs ∼ 1.
This is consistent with the experimental observations that the
skyrmion velocity at a given current in the case of spin trans-
fer torque is much bigger than that in the case of spin Hall
torque [8, 41, 42], although different pinning strength in these
systems may also partially account for the difference.
In the present case, P in Eq. (28) is P = J .The numerical
results of χi j are presented in Fig. 5. Since χ21 ∼ iχ11, the
trajectory is roughly a circle. One prominent feature is that
χi j(ω) develops a resonance-like feature around the magnon
gap, ω ≈ ωg. This can be understood as follows. For a given
angular momentum |m| = 1, the density of state of magnon,
ρ(ω) = 1/
√
ω − ωg , diverges at ωg. The equation of motion
of a skyrmion by including all magnon excitations is
R(ω) =
∑
|m|=1, j
Fm, jWm, j
ω − ωm, j + iαm, jω
≈ F(ωg)W(ωg)
∫ +∞
ωg
dωρ(ω)
1
ω − ωm, j + iα(ωg)ω
= 2F(ωg)W(ωg)
1√
ω − ωg + iα(ωg)ω
, (45)
7where F(ωg), W(ωg) and α(ωg) are the corresponding quan-
tities evaluated at the magnon gap. From Eq. (45), it is clear
that χi j develops peaks around ω ≈ ωg, in agreement with the
results in Fig. 5.
VI. NE´EL SKYRMION
Skyrmion can also be stabilized at interfaces of heterostruc-
ture, where the inversion symmetry is broken explicitly [15,
43, 44]. The skyrmion at interface has helicity of 0 and is
called Ne´el skyrmion. The effective Hamiltonian supporting
Ne´el skyrmions in two dimensions, (x, y), can be written as
[39, 45]
Hn = Jex2
∑
µ=x,y
(
∂µn
)2
+ D[nz(∇ · n) − (n · ∇)nz] − B · n. (46)
The Bloch skyrmion described by Eq. (2) can be obtained by
a global rotation of spin associated with the Ne´el skyrmion
along the magnetic field direction by pi/2, i.e. S = Oˆnn, with
the spin rotation operator
Oˆn =
 0 −1 01 0 0
0 0 1
 . (47)
One can verify thatHn can be obtained fromH in Eq. (2) by
the same global rotation of spins. Therefore the eigenfrequen-
cies of the internal modes for the Bloch and Ne´el skyrmions
are identical, and the eigenmodes for two skyrmion textures
are related by a spin rotation.
One can also connect the equation of motion for the Bloch
skyrmion to that of the Ne´el skyrmion by the same spin rota-
tion. For a Bloch skyrmion driven by a magnetic field gradi-
ent with polarization perpendicular to the layer, spin transfer
torque and spin Hall torque, the equation of motion for spins
is
∂tS = −S ×Heff(S) + αS × ∂tS + (JSTT · ∇) S
−βS × (JSTT · ∇) S + S × [S × (zˆ × JSHE)] . (48)
After the spin rotation, the equation of motion for spins asso-
ciated with a Ne´el skyrmion has the same form as Eq. (48)
if we replace the effective field by Heff(n) ≡ −δHn/δn and
JSHE ← Oˆ−1n JSHE. Therefore the results derived for the Bloch
skyrmions can be applied directly to the Ne´el skyrmions.
VII. DISCUSSIONS AND CONCLUSIONS
The current can generate a magnetic field gradient which
affects the skyrmion trajectory. The magnetic field gradient
depends on the sample geometry. In our linear approximation,
we need to superpose the trajectory due to the current on the
trajectory due to the induced field gradient. Meanwhile, the
skyrmion motion distorts magnetic field outside of the mag-
netic plate, which contributes to the skyrmion kinetic energy.
In the adiabatic approximation, a moving skyrmion induces
an electric field ∇ × E = (1/c)B˙ = −(v · ∇)B/c according
to the Faraday’s law. As a result its kinetic energy increases
as
∫
d2rE2/(8pi) = MemR˙2 which determines the electromag-
netic part of the skyrmion mass tensor Mem. Such an inertia ef-
fect has relativistic origin and is proportional to (v/c)2. Since
the maximal skyrmion velocity, 102 m/s, [19] is much smaller
than the light velocity, 108 m/s, the correction to skyrmion dy-
namics due to the electric field outside the magnetic plate is
negligible.
Let us compare our results on the inertia of a skyrmion to
those in literatures. The mass of a skyrmion bubble was cal-
culated and measured in Refs. 27 and 46 and they found that
the mass term is important in order to reproduce the skyrmion
trajectory. In the calculations [46], the authors calculate the
mass from the edge modes of the bubble. In experiments [27],
the mass was obtained by fitting the experimentally measured
trajectory determined from the spin polarization to equation of
motion of a skyrmion as a particle with a mass term, assuming
a hormonic potential for the skyrmion bubble. In Refs. 27 and
46, the skyrmion bubbles are stabilized by the dipolar interac-
tions, and the magnon excitations are expected to be quite dif-
ferent from those of a skyrmion in chiral magnets. This may
be the origin of the difference between our results the those in
Refs. 27 and 46. This also suggests that the skyrmions in chi-
ral magnets are more rigid and are advantageous for applica-
tions. The inertia of a skyrmion in chiral magnets was studied
recently in Ref. 26. They calculated numerically the trajec-
tory of a skyrmion from the Landau-Lifshitz-Gilbert equation
with a thermal noise, where the skyrmion diffuses in the sam-
ple. They then fit the trajectory to the equation of motion for a
skyrmion as a particle according to Eq. (30), from which they
extracted the mass and gyrocoupling coefficient. They found
that the inertia is important to describe the skyrmion diffusion.
For a skyrmion driven by a spin transfer torque, they found
the response of a skyrmion to current is almost instantaneous,
consistent with our results. It is unclear the importance of
nonlinearity in their calculations.
The dynamics of skyrmions depends on its internal modes.
The analysis here is applicable for skyrmions stabilized by
the DM interaction, where the helicity of skyrmions is not
a Goldstone mode. Skyrmions can also exist in inversion-
symmetric magnets with competing interactions [47–50]. Due
to the preservation of the inversion symmetry, the helicity of
skyrmion is also a Goldstone mode, in addition to the mode
associated with translational motion. The dynamics can be
very different, as has been demonstrated recently in Refs. 49
and 51. Skyrmions with higher topological charge can also be
stabilized [52]. The internal modes are different for skyrmions
with higher topological charge, and the dynamics of these
skyrmions requires a separate study.
To conclude, we have developed a linear theory to calculate
the equation of motion of a skyrmion by taking all the magnon
modes into account. We calculate the skyrmion velocity in
response to external drives, such as a magnetic field gradi-
ent, spin transfer torque and spin Hall torque. The skyrmion
dynamics is only governed by the magnon modes with an
angular momentum |m| = 1. The inertia of a skyrmion is
contributed from the magnon continuum. For a skyrmion
8driven by a magnetic field gradient or spin transfer torque,
the dynamics is dominated by the Goldstone modes corre-
sponding to the translational motion of a skyrmion because the
eigen function of the Goldstone modes have maximal weight
around the skyrmion center, while the modes in the magnon
continuum only has very little weight around the skyrmion.
The response of a skyrmion is instantaneous and our calcu-
lations justify the rigid skyrmion approximation employed in
the Thiele’s collective coordinate approach. In the case of a
spin Hall torque, the skyrmion motion couples to the torque
through the magnons in the continuum and the Gilbert damp-
ing. Since the magnon density of state diverges around the
magnon gap, there are resonances in the response functions
around the magnon gap. The trajectory of a skyrmion is an
ellipse for a skyrmion driven by a spin Hall torque at finite
frequencies. The inertia of a skyrmion can be quantified in
experiments by measuring the phase shift between the exter-
nal drive and velocity. For applications, it is desirable for
skyrmion to respond to an external drive without delay or re-
tardation even at high frequencies. This can be achieved by
driving a skyrmion with a spin transfer torque. Our results
establish the connection between the skyrmion dynamics and
its magnon spectrum, and shed new light on the skyrmion dy-
namics.
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Appendix A: Numerical method for the eigenmodes analysis
We present the details about the numerical evaluation of the
eigenmodes in Eq. (13). We introduce an orthogonal complete
basis to expand ηm in this basis. In the polar coordinate, a
natural choice is the Bessel functions of the first kind. To
determine the proper Bessel functions, we first check ηˆm in
the r  1 limit in Eq. (13), which can be solved analytically
ηˆm =
(
c−r|m−1|
c+r|m+1|
)
. (A1)
From the asymptotic behavior of ηˆm, we choose the following
basis
|pm,i〉 =
√
2
RcJm
(
km−1,i
) Jm−1 (km−1,i rRc
)
exp (imφ)
(
1
0
)
, (A2)
|hm,i〉 =
√
2
RcJm+2
(
km+1,i
) Jm+1 (km+1,i rRc
)
exp (imφ)
(
0
1
)
,
(A3)
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FIG. 6. (color online) Five lowest magnon wave functions with m =
1 in the rotated frame. LX;m=1, j is real and LY;m=1, j is imaginary. Inset
is the eigenfrequency. Here B = 0.8.
where we have used the box normalization with Rc the radius
of the box and km,i is the i-th zero of the Bessel function Jm(k).
Then the matrix element ofHψ is
Hˆ (m)11;i j = 〈pm,i|Hψ|pm, j〉, Hˆ (m)12;i j = 〈pm,i|Hψ|hm, j〉,
Hˆ (m)21;i j = 〈hm,i|Hψ|pm, j〉, Hˆ (m)22;i j = 〈hm,i|Hψ|hm, j〉. (A4)
By diagonalizing the matrix σzHψ, we obtain the eigenfre-
quencies and eigenmodes. We take Rc = 50 and truncate
the Bessel series at imax = 100. The results for the eigen
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FIG. 7. (color online) Results of ln(|αm=−1, j, j′ |/α) for 1 ≤ j, j′ ≤
51 in the frequency region 0 ≤ ωm, j ≤ 11 obtained at B = 0.8.
The green line in the diagonal direction is the dominant component
ln(|αm=−1, j, j|/α).
9modes and eigen frequencies with m = 1 in the rotated frame
are shown in Fig. 6. There is only one bound state with
ωm=1, j=1 = 0 corresponding to the translational motion of
skyrmion. The wave function of the bound state has large
weight around the skyrmion center while the magnon modes
in the continuum have little weight around the skyrmion.
Appendix B: Evaluation of the damping matrix αm, j, j′
We calculate numerically αm=−1, j, j′ for 1 ≤ j, j′ ≤ 51
in the frequency region 0 ≤ ωm, j ≤ 11. The results of
ln(|αm=−1, j, j′ |/α) are displayed in Fig. 7. The diagonal ele-
ments |αm, j, j| are of several orders of magnitude larger than
the off diagonal elements |αm, j, j′ |, indicating that the over-
lap between different magnon modes in Eq. (20) is negligi-
ble. This justifies the approximation used in the previous sec-
tion, where only the diagonal elements are taken into account,
αm, j, j′ ≈ αm, jδ j, j′ .
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